Abstract: To overcome the staircase effects and simultaneously avoid edge blurring, in this paper we proposed a novel algorithm of adaptive fourth-order partial differential equation (PDE) for image smoothing. The proposed method is based on YK (You and Kaveh) model that firstly performs a preprocessing using coherence-enhancing diffusion filter before the smoothing. Then we select an adaptive edge-stopping function founded on the Tansig function to effectively remove the noise and insignificant details without destruction of important edges and textures in the image. MATLAB simulation results validate the efficiency of the proposed model quantitatively and visually, when compared with other state-of-the-art methods.
Introduction
In human visual perception, the edge information of an image is an effective expressive stimulation, and is significant for neural interpretation to make the best sense of the scene. Thus, it is extensively applied in the fields of image processing and computer vision, for achieving better performance in wide range of applications, such as image segmentation, reconstruction, recognition, three-dimensional content generation and so on [1] . Edge-preserving image smoothing, which has been an important pre-processing step for the above application, aims to smooth the noise and insignificant details of the image while preserves the significant edges. Many image smoothing methods have been proposed, such us bilateral filter [2] , anisotropic diffusion model [3] , total variational model [4] , and fourth-order YK model [5] . These methods exhibit commendable strength in adaptive smoothing, whereas they still blur some meaningful edges and sharp corners. It is worth noting that the YK model evolve a given image toward piecewise planar image that is similar to a natural image. Therefore, the YK model has great potential in image smoothing.
In this paper, we propose a novel modified YK (MYK) model by taking advantage of the advantages of the YK model. This MYK model takes into account the local structure information of the given image and the smoothing strength is adaptively adjusted by a hybrid Tansig function of gradient and Laplacian. The motivation for proposing the MYK model aims not only eliminate the staircase effects and the isolated black and white speckles, but also to obtain a better edge preservation. Specifically, in order to better preserve the strong and weak edges, we choose the coherent enhanced diffusion (CED) filter [6] for preprocessing, and then use the MYK model for smoothing, instead of directly using the improved YK model.
Related work
Edge-preserving smoothing methods can be generally categorized into two classes: local average-based methods and robust optimization-based methods. Among local average-based methods, the best known one is bilateral filter proposed by Tomasi and Manduchi in 1998 [2] . The bilateral filter employs intensity and spatial to preserve edges. Since bilateral filter is proposed, there has been a great deal of research devoted to the theoretical and practical understanding of this model for image smoothing. Gavaskar and Chaudhury [7] proposed a fast algorithm for adaptive bilateral filtering, whose complexity does not scale with the spatial filter width. Song et al. [8] designed a dual-scale patch toggle scheme to discriminate texture information and incorporated texture information into the range kernel of a joint bilateral filter. The modified bilateral filter achieves better performance than bilateral filter in smoothing image and preserving small structures. More recently, Mun et al. [9] proposed a propagated guided image filtering algorithm by using a weighted summation scheme and bidirectional propagation. Perezbenito et al. [10] studied how two nonlinear methods based on the computation of local graphs at each pixel provide enough information to simultaneously carry out the nonlinear process of smoothing the noise, while sharpening the edges and details. Qiang et al. [11] proposed an adaptive fast local Laplacian filters based on processing image intensity information and different applications. However, the average operation or local filtering in the local average-based methods easy to attenuate the edges in different degrees, which causes edge blurriness and structural edge suppression in smoothed results.
The robust optimization-based method also has been gaining much attention all along in related communities. Perona and Malik [3] introduced anisotropic diffusion equation to image smoothing and proposed a multiscale smoothing and edge-detection scheme in 1990. It has the good property of eliminating noise while preserving high-frequency components. Rudin et al. [4] introduced total variation (TV) as a regularization term that has been proven to be a valuable tool for the recovery of image. Recently, many TV regularizer based image processing methods have been proposed [12] [13] [14] . For example, Dou et al. [12] proposed a truncated total variation (TTV) model for image smoothing which is particularly 2 effective for diminishing insignificant details. Although the anisotropic diffusion model and TV model have the capability to image smoothing while preserving the edges, they bring numerous block effects into the image. The staircase effect is an inherent property of the second order PDE and it mainly come from the evolution from an observed image toward piecewise level image. An effective way to solve this drawback is increasing the order of derivatives in the diffusion model and the fourth-order PDEs have been of special interest in recent years [15] . The earliest fourth-order YK is known to overcome staircases. However, the fourth-order YK model cause the isolated black and white speckles which has less smoothing capability than the anisotropic diffusion model and TV model. As an alternative optimization-based method of image smoothing, Xu et al. [16] proposed the L0 gradient minimization (LGM) model. The LGM model also suffers from the staircase effects and and weak edges or structures will be smoothed overly. Many modified LGM models have been proposed to improve the original LGM model. He and Wang [17] proposed a truncated L0 smoothing model, which apply half-quadratic splitting method to solve the optimization problem. Ni and Wu [18] proposed an adaptive patched LGM model for image smoothing, which introduces a data term associated with high-frequency decomposition image to improve the similarity of texture and edge between the input and smoothed image.
The difficulty of preserving edges is central to the problem of smoothing images. Although these local average-based methods and robust optimization-based methods have been demonstrated to be capable of achieving a good trade off between image smoothing and edge preservation, most of them they still blur some meaningful edges and sharp corners. Generally, robust optimization-based methods can have state-of-the-art performance when compared with local average-based methods. Motivated by the YK model, we proposed a MYK model for image smoothing. The paper is organized as follows. In Section 3, we introduced the related fourth-order PDE model. The proposed model is described and analyzed in Section 4. In Section 5, we exhibited a few of numerical experiments and compared the numerical results of our models with some other existing models. We will draw a conclusion of this paper in Section 6.
Review of the YK model
In 2000, You and Kaveh [5] introduced a new fourthorder PDE-based denoising method to optimize the trade off between noise removal and edge preservation. The YK model is derived from the following functional: 
where 2  is Laplacian operator, 0 k  is the Laplacian threshold which is similar to the edge strength threshold of anisotropic diffusion model. The YK model replaces the gradient operator in the anisotropic diffusion model with a Laplacian operator, which utilizes a piecewise planar image to remove noise and preserve edges. Therefore, the denoised image based on the YK model appears less block effects and more natural than the anisotropic diffusion model. The ref. [5] provides a detailed description on the principle of the YK model. Nevertheless, the model tends to leave the updated images with isolated white and black speckles, in other word, the pixels have a larger or smaller gray value than that of their neighborhood pixels. In order to remove the isolated speckles, some researchers have proposed a few of improved schemes based on the original YK model for image denoising, although these methods can degrade the image. In the following section, we will show that the proposed model overcomes the disadvantages of anisotropic diffusion model, TV model and YK model, in several aspects, such as reducing the speckles artifacts and edges blurring, as well as eliminating the block effects.
The proposed method

Preprocessing stage
Inspired by [19] , a better smoothing result can be acquired by applying a preprocessing procedure before smoothing image with anisotropic diffusion method, which is different from using an anisotropic diffusion directly. Despite that the Gaussian filter is an important linear filter smoothing method which is widely used in image smoothing problem, some useful high-frequency information is also distorted. To address the problem, this paper performs the preprocessing using CED filter before smoothing image with the MYK model. Joachim Weickert [6] proposed the CED model which replaces scalar diffusivity parameter with diffusion matrix of structure tensor, aiming to provide greater flexibility in dealing with oriented structure on point to point basis. The CED model can be written as: 
where u is the image intensity function and 0 u is the given image ; D is diffusion tensor, which is calculated by the structure tensor;  is the gradient operator. Structure tensors encode local image information with first order directional derivatives and is given by: (6) where u   is the image gradient estimated by the convolution of image u with first-order derivatives of Gaussian in x and y directions;  is the standard deviation of the Gaussian kernel that prevents noise and  G is another Gaussian kernel added to increase the noise tolerance in the direction estimation and  is the standard deviation of the Gaussian kernel; and  is a convolution operation. This symmetric 22 
and its two orthonormal eigenvectors w and v are given by: (8) In fact, diffusion tensor D has the same eigenvectors as structure tensor J . The eigenvectors are the diffusivities perpendicular and parallel to structure orientations, which steer diffusion directions. Similar to [20] the normalized eigenvector w can be written as 
Introducing the diffusion tensor in Eq. (10) into the CED model in Eq. (5) . Once the diffusion tensor is constructed, the evaluation process is set to start. In the implementation of the CED model, the corresponding discrete equation of Eq. (5) is Eq. (11) . In the equation, t  is the time step, n u and n D are the image and diffusion tensor,respectively, after the nth.
Based on above analysis, the CED model for smoothing is described in Algorithm 1. 
For n from 1 to N:
Compute the diffusion tensor n D for each pixel according to Eqs. (7)- (10)  .
The CED model can enhance edge and remove noise at edge region efficiently. We take advantages of this property in this paper to pre-process the given image. But the CED model will create ripples on the flat areas of the smoothed image. Specifically, we just slightly use CED to deal with image before the smoothing (we take only two iterations for preprocessing), and the output image CED u serve as the input of the post processing steps.
The proposed MYK model
The ability of edge preservation in the fourth order PDEbased smoothing method strongly depends on the edge stopping function which can detect the edges and reduce the strength of the smoothness of the filter for these detected edges. You and Kaveh (YK model) proposed the following edge stopping function：
where 2 =   denotes Laplacian operator. Mohammad [21] proposed the following edge stopping function：
The edge indicator mentioned above is either based on Laplacian operator or gradient operator, both may not effectively detect edges [15] . Obviously, the isotropic Laplacian operator can better identify the weak edges or textures, but it is sensitive to the noise and tends to generate multiple false edges. The gradient operator with good convergence rate distorts the step edges and cannot ( ) Min are the minimum and maximum gray-level variances respectively.
With the above approaches, we proposed the improved edge stopping function which can be expressed as:
In addition, in order to inhibit the interference of the noise, the new method also introduces Gaussian filter to pretreat the image prior to every iteration. Therefore, the new YK model with the revised edge stopping function of Eq. (17) is written as follows: 
where  is the gradient and  is the Laplacian at each pixel of the image, k is the contrast parameter,  is the image domain,  is the boundary of  , n is the unit vector orthogonal to the boundary, CED u is the input image and  is the fidelity parameter that adjusts fidelity between smoothed image u and the given image 0 u . Theoretical analysis of the new diffusion model is as follows:
• In the flat areas of image, 2  is small,  is small,  is small, ( ) c  is large, resulting in high diffusion and removing noises and noise-like structures .
• On the edges of image, 2  is large,  is large,  is large, ( ) c  is small, leading to weak diffusion and preserving edges.
• For the weak details or edges, 2  is large ,  is small,  is large, ( ) c  is small, bring about weak diffusion and protecting details.
From the above analysis, it can be seen that the proposed diffusion model has an excellent performance to smooth the uninteresting structures and preserve edges and fine details.
The differential Eq. (18) may be solved numerically using an iterative approach, while the equation can be rewritten as:
For the initial image 0 u with support Ih Jh  , by assuming a time step size of t  and a space grid size of 1 h = , the specific discretization process is described as follows:
Step 1: Preset number of iterations N 
With the symmetric boundary conditions. 
Step 3: Calculate function g ( ) 
Step 4: Calculate 
With the symmetric boundary conditions. Step 5: Calculate the interative equation
Step 6: If n N  , Go to Step 2.
Based on above analysis, we summarize the proposed MYK in Algorithm 2. 
Experimental results
In this section, we will exhibit the efficiency and feasibility of the proposed MYK model through an extensive range of test images. In order to verify the desired property of the MYK, as well as the theoretical analysis presented in previous sections, making contrast with the optimal performance of the CED model [6] , YK model [5] , LGM model [16] , guided image filtering (GIF) model [24] , fast and provably accurate bilateral filtering (FBF) model [25] , and TTV model [12] . All the experiments are implemented by MATLAB R2016a and performed on 32-bit Windows 7 system on the desktop computer with Inter(R) Core(TM) i7-4770K CPU and 8GB RAM.
To quantitative measure the quality of the smoothed image, peak signal to noise ratio (PSNR) was adopted in this paper. The specific forms is calculated as follows: K is the dynamic range of the pixel values (e.g., 255 for 8-bit grayscale images), and 12 1 ， K  are two small constants. The MSSIM can measure the similarity of two images by luminance, contrast, and structure. The higher value indicates the better property for structure preserving.
In this paper, the parameters of CED model which used for preprocessing stage in all experiments are set as follows: the time step 25 . 0 , k varies from 1 to 25. Each smoothing model will be terminated when the MSSIM reached maximum.
Comparison with the state-of-the-art smoothing models
In Figs. 1-8 , we compare our model with six state-of-theart smoothing models. To be fair, we manually set the 6 optimal parameters of each model. As shown in the Figs. 1-8, we can observe that many undesired ripples in the smoothed images of the CDE model. These ripples lead to the smoothed images degradation, which means that CED model is not suitable for image smoothing. The YK model generates isolated white and black speckles. The LGM model yields block effects into the smoothed image. From Fig. 1(d) and Fig. 4(d) , it is obviously that the results with block effects by the GLM model. The edges in LGM model are sharp, but it cannot preserve the weak edges and some small structures. Although the GIF model can preserve the weak edges, it causes to over smoothing in smoothed image and some small structures will be overly smoothed. From the experimental results, concluding that the FBF model cannot preserve the weak edges or structures; nevertheless, most of the weak edges and structures are smoothed overly. Only the TTV model and our MYK model can keep the weak edges and some small structures. Particularly, we can observe that the MYK model has a better visual quality than the TTV model. For example, the hair and lips of the girls are somewhat softened, as shown in Fig. 1 (g) and Fig. 4(g) . Fig. 1 (a Fig. 2 (a 
) Input image 1, (b) Result by CED model, (c) Result by YK model , (d) Result by LGM model, (e) Result by GIF model, (f) Results by FBF model,(g) Result by TTV model,(h) Result by MYK model .
(a) (b) (c) (d) (e) (f) (g) (h)
) Input image 2, (b) Result by CED model, (c) Result by YK model , (d) Result by LGM model, (e) Result by GIF model, (f) Results by FBF model,(g) Result by TTV model,(h) Result by MYK model .
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By contrast, as shown in Fig. 1 (h) and Fig. 4 (h) , the MYK model generates better results on the outline of the girl's face which are more close to the given image. The results in Fig. 7 further verify the advantages of the MYK model which can retain more thin lines such as the meridians of petals than the TTV model . From Figs.  1-8 , it is obviously that, the proposed MYK model achieves the best smoothing performance in terms of preserving the critical edges and removing insignificant details. However, the proposed MYK model can not effectively smooth textures with similar dimensions to the edges, see Fig. 3 . The quantitative comparisons of these experiments are reported in Table 1 and Table 2 . Apparently, the maximum PSNR values are acquired by the MYK model, indicating the best smoothing effects by our proposed model. On the other hand, the results indicate that the MSSIM values of the MYK model are the largest over the other models, verifying that the MYK model has a perfect capability to preserve edges and details. Based on PSNR, MSSIM and visual quality criteria, experimental results confirmed the better performance of the MYK model comparing to some state-of-the-art smoothing models. . Hence =15 k is selected as the optimal parameter in our experiment. The number of iterations N is manually selected which results in the best filtering performance. From above illustrations, it can be seen that the image quality tends to be blurred seriously with the increasing constant parameter k and the number of iteration.
Comparison of denoising ability
Smoothing model can also be a useful tool for image denoising. This section is devoted to demonstrate the performance of the MYK for image denoising. The Fig. 10 Fig. 10 makes a visual comparison among these models. Fig. 10(a) and Fig. 10(b) are the original image and noisy image, respectively. From Fig. 10(c) , we observe that there some ripples in the result of CED model. Fig. 10(d) is the restored image by using the classical YK model, which can avoid staircase effects but suffer from isolated speckles. Fig. 10(e) shows that the LGM model can effectively remove noise, but there is still some residual noise in the image after denoising. And the LGM model yields block effects in the restored image. Fig. 10(f) presents the result of the GIF model with some residual noise in the image after denoising. Fig. 10(g ) demonstrates that FBF model is not suitable for denoising. Fig. 10 (h) presents the result of the TTV model with slight block effects. From 10(i), it can be seen that the image filtered by MYK model has more superior characteristic, when compared with other models for image denoising. The corresponding qualitative results and computing time are presented in Table 3 . Apparently, the maximum of PSNR and MSSIM are acquired by the PMYK model, indicating the best denoising effect by our proposed model. However, the running time of YK model and MYK model are slightly higher than the other models.
Conclusion
In this paper, an edge-preserving image smoothing model was proposed to improve the performance of YK model. The modified model not only preserves the strength of the YK model in effectively suppressing block effects, but also reduces isolated speckles brought by the YK model. From visual and quantified comparisons, the experiments have demonstrated that the proposed model generates a better balance between critical edges preservation and insignificant details removal, in contrast to the existing some well-known edge-preserving image smoothing . There are still some shortcomings with our proposed model. Obviously, the fidelity parameter  , contrast parameter k , and iterations number N need to be set manually are very time consuming and cumbersome. It is worth further investigation regarding automatic selection of the best parameter values of the above parameters based on some restoration measure of the smoothed image. Another disadvantage of this model is that it does not effectively smooth textures with similar dimensions to the edges. Other than the smoothing quality, the smoothing efficiency is another critical problem. In our future work, we will try the address these difficulties above and apply the proposed model to more application.
